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Abstract 

Let Po be a time-dependent partial differential operator acting on func- 
tions defined on <D" , quadratic with respect to d xi , . . . , d x „ , xi, . . . , x v . Let 
c be a matrix-valued regular potential. Under suitable conditions, we give 
an "explicit" expression of "the" heat kernel associated to Po + c for small 

\t\, t e <D, -Ret > o, x,y e c. 



1 Introduction 

Let v J? 1. For j, k = 1, . . . , v , let Aj : k, Bj^, Cj,k be complex functions analytic 
in a neighbourhood U of the origin. Let 

V V V 

Po := A ^(t)(d Xj +Y, B iAt)xi) (d Xh + ]T B k , v {t)x v 

j,k=l 1=1 l'=l 

v 

£ C j>k (t)x jXk . (1.1) 
J,fc=l 

As well-known, under suitable assumptions on the matrix A, the equation 

d t u = P a u 

(1.2) 

U\ t = 0+ = 5 X = y 

admits an explicit solution 

Pt(x,y)-=7 — ^v^re-i* ^^. (1.3) 

Here $o denotes a polynomial of total degree 2 with respect to x, y, whose coef- 
ficients are analytic near 0; A is the determinant of the matrix (A Ji fe(0)) 1< _ ) . fe<y . 



"This paper has been written using the GNU TEXMACS scientific text editor. 
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Let c be a regular square matrix- valued function defined on U x C. Let pt{x, y) 
be a solution of 

dtu = [Po + c(t,x))u 

(1.4) 

u|t=0+ = &x=y 

and let pj° nj (a;,?/) be defined by 

Pt(x,y) =Pt(x,y)p c t oni {x,y). 

Roughly speaking, if the autonomous case is considered for the sake of simplicity, 
Pt° n3 may be related to two transition amplitudes: 

conj, , _ (y\cxp(t(P +c))\x) 

Pt [X ' y) - (y\eMtPo)\x) ■ 

First let us assume that Po = d% + • ■ ■ + 9| (free case) or, more generally, 
Po = 8% + • • • + d% — \{x\ + • • ■ + xf y ), A e R (harmonic case). Under strong 
assumptions on the scalar potential c, p con j is Borel summable with respect to 
t [Ha4]. The same work is done in [Ha5] in the free case, but with a vector 
potential instead of a scalar one. A so-called deformation formula (respectively 
its vector potential version) which gives a convenient representation of Pt° nj is 
used. 

The main aim of this paper is to explore the limits of this formula by con- 
sidering the non-autonomous case. This explains the choice of the operator Po 
in (|1.1[) . Our deformation formula is given in Theorem [2Tj We do not attempt 
to give a uniqueness statement for the definition of the heat kernel and we refer 
to [Ha7] for precise statements about this question. 

This formula is related to Wiener and Feynman integrals [It, A-H]. As in 
these references, we write the potential as the Fourier transform of a Borel 
measure. See [Ha4] for more details about the relationship between this formula 
and Wiener or Feynman integrals. 

The shape of the formula can be explained by using a heuristic Wiener rep- 
resentation of pt(x,y) and Wick's theorem (see [Ha4, Appendix]). However we 
prove the deformation formula by working directly on the equations satisfied by 
p c ° n3 {x, y) without attempting to obtain an expression of pt(x, y). This formula 
uses a so-called deformation matrix. This matrix, in the autonomous case, is 
considered in [Ge-Ya, On] . 

By the heuristic method, it is easy to see that the construction of this matrix 
involves a "propagator" (defined as in quantum field theory). Here we first give 
another definition of this object and we prove a posteriori that it verifies the 
propagator equation (see section 1X2)) . 

The shape of the operator Po implies that p®(x,y) can be written explicitly 
using the solution of a classical Hamiltonian system. The deformation matrix 
also depends on this solution, hence, by the deformation formula, the expression 
of Pt° n \x, y) only involves objects related to this Hamiltonian system. 
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We assume in Theorem 12.11 that the functions A, B and C satisfy a reality 
assumption (see (|2.13p ). implying that Po\tem is symmetric with respect to 
the L 2 -inner product. This assumption is natural if the Schrodinger kernel is 
considered. 

One can certainly establish a deformation formula in the case of a vector 
potential perturbation of Po (instead of a scalar potential one) and give a Borel 
summability statement for the small time expansion of P(° nj (a;,y). 

2 Notation and main results 

For z = \z\e ie £ C, 8 G [-tt/2, tt/2], let z 1 / 2 := \z\^ 2 e i9 / 2 . For T > 0, let 
D T := {z G <D||z| < T}, D+ := {z £ D T \Ke(z) > 0} and D+ := {z G 

Z) T |7£e(z) ^ 0}. For A, [i £ (D",_we denote A ■ /i := Ai/^i H h A^/v, A 2 := A ■ A, 

A := (Ai, . . . , |A| :— (A • A) 1 / 2 and we extend the two first notations to 
operators such as d x = (d Xl , . . . ,d Xv ). Let A = (^AOi^j.k^K with A,-,ft G (D. If 
x,y £ <E U , fc Aj^XjUk is denoted by a; • Ay or A • x ® y if A is symmetric. We 
set l A for the transpose of the matrix A and \A\oo := sup^^ \Ax\. In what 
follows, we shall consider a potential function defined on Dt X C with values 
in a finite dimensional space of square matrices, say M. We always use on Ai 
a norm | ■ | such that \AB\ ^ \A\\B\ for A.B £ M and |1| = 1 (1 denotes 
the unitary matrix). Let Q be an open domain in (D m and let F be a complex 
finite dimensional space. We denote by A(fl) the space of F-valued analytic 
functions on ft, if there is no ambiguity on F. Let T > 0. C°° (D^ , A(€ 2u )) 
denotes the space of smooth functions defined on D^, with values in „4((D 2l/ ). We 
denote by C^° 1 (i] — T, T[xlR m ) the space of smooth .M-valued functions defined 
on i] - T, T[xl m such that 

f £C^-T,T[xH m )^ 

V(a,j8) G NxN m ,3C > 0,W(t,x) G i] — T, T[x]R m , |<9"<9f /(i, x)| < C(l + |a;|) Q . 

We always consider these spaces with their standard Frechet structure (the 
semi-norms are eventually indexed by compact sets or differentiation order). 

Let 58 be the collection of all Borel sets on R m . An F- valued measure /i on 
R m is an F-valued function on 58 satisfying the classical countable additivity 
property [Ru]. Let | • | be a norm on F. We denote by the positive measure 
defined by 

oo 

\li\{E)=Bu P Y,ME j )\(EeX), 
i=i 

the supremum being taken over all partition {Ej} of E. In particular |/i|(]R m ) < 
oo. Note that d/i = hd\n\ where h is some F-valued function satisfying \h\ = 1 
|/i|-a.e. If / is an F-valucd measurable function on ]R m and A is a positive 
measure on R m such that JL m |/|g?A < oo, one may define an F- valued measure 
\i, by setting d[i = fdX. Then d\fi\ = \f\d\. 
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Let A, B and C be some v x v complex matrix-valued analytic functions 
defined on a neighbourhood of in (D. Let us assume that the matrices A, C 
are symmetric and that the matrix ^4(0) is real positive definite. The operator 
Pq defined in (|f .![) can be rewritten as 

P = A(t) ■ (d x + B{t)x) 2 - C(t) -x®x (2.1) 

where 

V V V 

Ait) ■ (d x + B(t)xf := Y, A o,k(t)(9 Xj +Y B oAt>i)(d Xk +Y B o,l'(t)^')- 

j,k=l 1=1 l' = l 

The fact that (If .2p admits a solution as mentioned in the introduction will be 
recovered later. Our main result gives a formula for the solution of a perturba- 
tion of (|f .2[) . We need some classical objects associated to the operator defined 
in (|2.f p . For t € (D, \t\ small, let L be the following Lagrangian acting on 
(D" -valued functions 

L:= -q-A- x q + q-Bq + q-Cq. (2.2) 

The Euler-Lagrange equations associated to ()2.2[) can be written 

q = Eq + Fq (2.3) 

where 

E := AA- 1 +2ACB ~ B) , F := 4AC - 2AB. (2.4) 

Let x,y € <C V . Let t be a small positive number. We denote by q\ the solution 
of (12. 3|) with the conditions gj(0) = y, ?t(t) = x if it is uniquely defined. Notice 
that q\ can be expressed by 

q\ = q\x + q\y (2.5) 
where the matrices- valued functions q\, q\ are respectively solutions of 

q = Eq + Fq (matrix- valued equation) (2-6) 

with the conditions 

% b (0)=0, q b t (t) = l, 

respectively 

gf(0) = l, 4(t) = 0. 

Let q~t (with o = t], b, jj) be defined on [0,1] by the relation 

«?(*) = «r(|). (2-7) 

Notice that gj? is the solution of 

g = tJ5(t«)4 + t 2 F(ts)q , q(0) = , g(l) = 1 (2.8) 
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and that q t is the solution of 

q = tE(ts)q + t 2 F(ts)q , q(Q) = 1 , q(l) = 0. (2.9) 

Actually (|2.8|) (respectively (j2.9jl ) admits a unique solution for complex t with 
small modulus, which provides the good definition of (s) (respectively q\ (s)). 
Then, by (|2.7[) . one gets the existence and uniqueness of q\{s),q\{s) for s 6 
[0, t] and small positive t. The following expressions play a central role in the 
statement of our main result. For s, s' € [0, t], let K t (s, s') be the v x v matrix 
defined by 

K t (s,s'):= [ ql{s)A{TYq b T { s ')dT. (2.10) 

J sVs' 

For complex t with small modulus and s, s' £ [0, 1], we also denote 

K t (s,s'):= f ql{-)A{trfq\ T {-)dr. (2.11) 

JsVs' T T 

If t is real, positive and s,s' € [0, f], one gets 
For 5 = (si, . . . , s n ) € [0, l] n , we define 

n 

K t (s) ■ d z ® n <9 2 := <9 Zj . • K t (s v s k )d Zk . 

j,k=l 

This differential operator acts on ^l((D 1/ "). 

We denote by f a positive number such that (|2.8[) - (|2.9p admits a unique 
solution for t € L>j and the map (t, s) i — ^ <7t (s) (with o = b, (J) is analytic near 
D T x[0,l}. 

Theorem 2.1 Let 2j > 0. Let f be a measurable function on Dx b X R^ 
values in a complex finite dimensional space of square matrices, analytic with 
respect to the first variable. Let /x* 6e a positive measure on R". Assume that 
for every R > 

/ e^l sup |/(t,0|d|i.(0<°°- ( 2 - 12 ) 

JR» |t|<T b 

Lei /it 6e t/ie measure defined by d(j,t(Q = f(t, O^t 1 * (£) an d ^ 

c(t,x)= / exp(ix ■ £)dnt(£). 

Let Pq be an operator as in A2.1\) . Let us assume that each g = A, iB, C satisfies: 
The function g]^ is real-valued near 0. (2-13) 
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Let p con j be defined by 



p coni =1+ J2 V n , (2.14) 



where 

V n (t,x,y) := t n x 



0<si<---<s„<l 



e t *^- 9 *®" 9 *c(s n t,z n )---c(s 1 t,z 1 )\ Z1=5 > fsi1 d n s. (2.15) 



21 = 9t( s i) 



T/ien i/iere exists T c > smc/i £/ia£ 

P conj e x <c 2u )^c°°{d+ c ,A(<c 2l/ )) nc^(i\ -r c ,T c [xi 2 "). 

TTie function u :— p° x p con j is a solution of J_?.^[ ). 

We shall now give another useful expression of p co "j. Let n ^ 1, s = 
s n )e [0,1]" and£=(£i,...,£ n ) eK™. Let 

<2t(s) ■ £ : = 9t( s • £H 1" 9t( s «) ' £n, 

n 

^t(s) • £ ®n £ := • K t ( Sj ,s k )Z k , (2.16) 
04(0 :=^M.»t(£»)---d'7*. 1 t(£i). 

Then, we get 
Remark 2.2 



v n (t,x,y)=t n I I e l ^ s) ^e' tK ^ s) -^d m fif t ^)d n s. (2.17) 

^0<si< - <s„<l 7 

Remark 2.3 Let us consider some examples. 

• In t/ie free case A = 1, B = C = 0, we have (see also [Ha4]) 

Qt( s ) = V + s(x-y), 

n 

K t (s) -d z ®„d z = ^2 s iAfc(l - s jvk )d Z] ■ d Zk . 



Then 



where 



v n (t,x,y)=t n f f e iy+s(*-y))<; 

exp(-is(l - s) •„ f ® ^Vft^K 5 

S(l-S) : = X! S J'Afc(l - SjVjfe)£j ' 

i',fe=l 
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• Let us assume that A = 1, C = and B = — 1/3 where the matrix (3 is 
skew- symmetric, real and constant with respect to t. Then 

sm(pt) sm(pt) 
W( 9 J\ ms ^ s) sm(pt S A S ')sm(pt(l-sWs')) 

Remark 2.4 Let us make some comments on the functional spaces introduced 
in Theorem \2.1\ The space A{D+ c x (D 2l/ ) allows one to consider the function 
p cons as a solution of the (complex) heat equation. The space C°°(l)^ , _4((D 2ly )) 
allows one to consider the function p con J as a solution of the Schrddinger equa- 
tion, viewed as a limit case of the heat equation. Both spaces are local with 
respect to the space variables x and y. The space C^li] — T c , T c [xlR 2!/ ), which 
gives information about global properties of the function p con J with respect to the 
space variables, provides a unicity statement (see [Ha7]). 



3 Proofs of the results 

3.1 Some properties of classical objects associated to P 

Let us recall why equation (|1.2p admits a solution as in (|1.3[) . Let 

S(x,y,t):=^ L\ q=4 ds = - t J L^ds = \$>{x,y,t) (3.1) 



where 



and 



L := 1 (ts) ■ q ® q + tq ■ B(ts)q + t 2 C{ts) -q®q 



*{x,y,t) := J L\ q=q ,ds. (3.2) 

$, as gj, is analytic for complex t with small modulus. Since q\ is linear with 
respect to x, y, $ is a polynomial of total degree 2 in x,y and its coefficients 
are analytic near 0. By classical theory, since q\ verifies the Euler-Lagrange 
equations, S satisfies the eikonal equation 

d t S + H\ q=XiV=dx s = 0, 

where 

dL 

H = q ■ — - L = A ■ (p - Bq) <g> (p - Bq) - C ■ q® q. 
oq 

Let us remark that 

d x S = p\{t), (3.3) 
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where := §| g=g j. 

Putting u = Xte~ s in ()1 .2[) shows us that the partial differential equation in 
(|1.2[) is equivalent to 

d t X t = (_lA(t)-^$+7(t)) x \ t , (3.4) 

where 7(i) := Tr(A(t)B(t)) . Differential equations and boundary conditions 

satisfied by q£ and q\ involve that eft — y + s(x — y) + tx(s,t,x,y) where \ is 
linear in x,y with analytic coefficients in s,t. Then 

9>(x,y,t) = \A-\0) ■ (x-yf +t*(t,x,y), (3.5) 

where \& is a polynomial of total degree bounded by 2, with respect to x, y, with 
analytic coefficients in t. Since d 2 <& only depends on t, 

where the function 8 is analytic near 0. Then for every A > and every 
polynomial K € 



(4ttA^/ 2 K Vy 
satisfies (|3.4p . Then, by Q3.5p . the function 



u := 



o / * e(s)ds-^(t,x,y)+K{y) i ^(OHx-y) 2 



is solution of the partial differential equation in (|1.2p . Let us choose 

A^det^O))^.^. 

Then 

u|t=o+ = e"*^^^^. 

Let us choose K(y) — ^(0,y,y) = ~<&(y,y,t). Then u is the solution of (|1.2[) 
and, denoting this solution by p°, (jl.3[) is satisfied where 

f2 



$ (x,y,t):=$(x,y,t)-$(y,y,t)+t* 6(ts)ds. (3.6) 

Jo 

The following results will be useful. 

Lemma 3.1 There exists T a €]0,T[ smc/i that for every s <E [0, 1], (x,y) <E (D 2l/ 
and f £ I?T a ) 

|g«( S )K2(|x| + |y|). (3.7) 
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Proof By (|2.8I) . |?t(s)| ^ 2 for complex t with small modulus. Similarly, the 
same estimate holds for gj. Then (|2.5[) implies (|3.7[) . □ 

Proposition 3.2 for small positive number t, for every (x,y) S (D 2iy , s € [0,i] 
and a G {1, . . . , u} 

+ B(^) P = -\A-\t)q\{t). (3.8) 

(ft + #)-Q,)«!U(*)=0, (3.9) 
q\ a denoting the a-coordinate of the vector q\. 

Proof Recall that p° := ^-j^ -^. By » p° = (4 , A ' t) , /; e- s + r fa) 
where T is a polynomial in y with analytic coefficients in t near 0. Then, by 
(1331) . 

■^(fit + B(<).t)p° = + B{t)x = -p\{t) + B{t)q\{t). 

But p = || = + Bg. This proves (|3~51) . 

Let u>(s) := {d t + q\(t) ■ d x )q\{s). Hence w(0) = and lu(t) = [J^( s )] | s=t + 
gjj(t) since q\{t) — x. Then w(£) = ^(gj(i)) = 0. Moreover gjj, and therefore iu, 
is solution of (|2.3[) since the operator d t + q\(t) ■ d x does not depend on s. For 
small i, the null function is the unique solution of (|2.3[) with vanishing boundary 
conditions. Then w = and (|3.9[) is proven. □ 

Remark 3.3 </ie identity \3. 9\) is a generalization of [Ha4, (4-23)] and [Ha5, 
(3.18)]. 

Lemma 3.4 Let A, B and C as in Section [H such that A, iB and C satisfy 
H2.13\) . Then there exists T e G]0,T[ such that 

1. The matrix-valued functions q\ and q\ are real for t £ iR, \t\ < T e . 

2. For s,s' £ [0, 1], the coefficients of the matrix K t (s,s') are real for t £ 
iB, |t| < T e . 

3. There exist <I>i a polynomial with respect to x and y whose coefficients are 
analytic near and k an analytical function near such that 



V 0( X y) • = ^ e -i*l(*.W.*) 



and Qilx^eTR." ,t£i}-T e ,Te[ * s ^-valued. 
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Proof We take the point of view of the Schrodinger equation. Since the 
functions A,iB,C satisfy f|2.13[) . the Lagrangian L\ t=i t is a polynomial with 
respect to q and q with coefficients which are real functions with respect to 
t. Therefore the Euler equations associated to L\ t=i t by differentiating with 
respect to t have real coefficients and q".r, q.r and q^.- (for x,y £ R") are real for 
i € R, \t\ small enough. Then, by (|2~TT1) . K t (s, s') G R for s, s' € [0, 1] and by 
(|3.2p . $(x,y,t) € R for £ 6 iR, |t| small enough, and a;,y £ R". Let us choose 
$l(t,a:,2/) := $(t,x,y) - $(t,y,y). Then bv (|3J]l . Assertion l3l holds. □ 

3.2 The propagator equation 

In a heuristic way, the shape of the deformation formula can be explained by 
the Wiener representation of the heat kernel and Wick's theorem (see [Ha4, 
Appendix]). The matrix K t (s,s') appears therefore as a propagator. In this 
section, we prove that K t (s,s') indeed satisfies the propagator equation (cf. 
Proposition I3.6j) . First, we claim that (q\,p\) satisfies Hamiltonian equations 
associated to a Hamiltonian 

H = Tr^pLp + tpMq + l qNq) (3.10) 

where L, M, A'* are matrix-valued analytic functions near 0, L, N being sym- 
metric. Let us introduce some notation. Let M. be a finite dimensional square- 
matrix space. If / is a regular R- valued function on M 2 , we denote by 
the matrices defined by 

df(X,Y) ■ (H, K) = Tr^H^+Tr^K^L). 

For instance §L = BY and §£ = l BX if f(X,Y) = Tr^X BY). This notation 
will allow us to take into account the matrix structure of the trajectories of La- 
grangian or Hamiltonian systems. In particular, we shall use the matrix product 
(see Lemma l3~5|) . The Euler-Lagrange equations associated to Lagrangian 

C-^Tr^qA-'q + 'qBq + 'qCq) 

yields (|2.6[) . which proves that q\ is a solution of these equations. Therefore 
p = = }^A~ x q + Bq and the Lagrangian L yields a Hamiltonian 

n = Tr(^) - C = Tr^qA-'q - l qCq) = Uf(p - Bq)A(p - Bq) - 'qCq). 

Then (q\,p\) satisfies Hamiltonian equations with a Hamiltonian as in p.lOj) . 

Lemma 3.5 Let % be a Hamiltonian as in \3.10\) . Then the matrix i qp — i pq 
is constant along Hamiltonian trajectories. 
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Proof It suffices to prove that i qp + i qp is symmetric on Hamiltonian trajec- 
tories. Since q = = 2Lp + Mq and p = = ~{2Nq + i Mp), 

i qp + i qp = 2 t pLp - 2 l qNq. 
This matrix is symmetric which proves Lemma 13.51 □ 
Now, we can prove that K t (s, s') satisfies the propagator equation. 

Proposition 3.6 For small positive number t and every (s, s') €]0, t[ 2 , Kt(s, s') 
satisfies 

-^ + E{s)*§ + F{s)K = A{ s i)5 s=s , 

K\ s=0 = K\ s=t = Q 
Proof By (|2"TUj) and since q b s {s) = 1, 

^ = f ct T { S )A{ryq b r { S ')dT - l s , <s A( S yq b s ( S i) 

c!s JsVs' 

ql(s)A(rY q l( S ')dr 



and 

d 2 K '* 



s\ls' 



ds 2 

-l s)<s (gt( S )A( S )^( S + ^(A( S )^( S ')))-^')^ 



Then, since q b T satisfies (|2.6[) , 

d 2 K dK 

—FY + E ( S )^T + F ( S ) K = A (s')6 s = s ' + l S ' <s w(s') 
ds z ds 

where 

w(s') := qi(s)A(sU s (s>) + ±(A(sH(s')) " E(s)A(s) i q b s (s / ). 

We claim that w = 0. Since i w satisfies (|2.6|) . it suffices to check that w\ s '=o = 
and w\ s i =s = 0. The first equality is obvious. Since q b (s) — 1, 

w\ s , =s = q b s (s)A(s) + A(s) - AisYqKs) - E(s)A(s). 
= A(s)(A-\s)cf s (s) - ^MA-^s) + 2(B(s) - A(s). 



Then 
By CLS 



But p = || = \ A~ l q + Bq. Then 

w \ s , =s =2A{s){p\{s)- t p\{s))A{ S ). 

By Lemma GTU the matrix i q b s p b s — i p b s q b s is constant. It vanishes for s' = and 
is equal to p b s (s) — Vs( s ) f° r s ' = s - Hence w\ s '— s = and w vanishes. This 
proves Proposition 13.61 □ 
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3.3 The deformation matrix 

For the proof of Theorem 1 2. 1[ we must establish some properties of K t {s) (here 
s £ [0, 1]", cf. (|2.16p ) which we call the deformation matrix. We already studied 
it [Ha4] in a particular case. The following lemma (see [Ha4]) will be useful. 

Lemma 3.7 Let T > and M > 0. There exists T > satisfying the following 
property. Let f be an analytic function on Df verifying /(0) = 0, /'(0) = 1, 
sup 4gDf . \ f(t)\ ^ M and, for every t £ Df, 

Ket = 0^ Kef(t) = 0. (3.11) 

Then, for t £ Dt, 

Ket>0=> Kef(t) > 0. (3.12) 

Proposition 3.8 Let £ be the space of measures [i — X^j=i^s 3 Cj such that 
n ^ 1, £j £ IR 1 ', Sj e]0, 1[. For complex t with small modulus, we denote by (., .)t 
the following bilinear form on £ 

(pi, H2)t '•= / / dni(s) ■ K t (s,s')dn 2 {s')- 
Jo Jo 

Notice that 

(Mi,M2)o = / / s As'(l-s V s')A(0).dni(s) ®d(i 2 (s'). 
Jo Jo 

Then for complex t with small modulus 

V/ie£,|(M,/i) t | <2( M ,m)o. (3.13) 

Remark 3.9 The bilinear form (.,.)o is symmetric positive definite (see [Ha4, 
Rem. 4-4])- 



Proof By Proposition 13.61 and analytic continuation, K t satisfies for complex 
t with small modulus 

A ~Hts) (-£i+ tE(ts)f s + t 2 F(ts))K t (s, s') = 5 S=S , 

(3.14) 

Kt\ s =o = Kt\ s =i = 
Let . . . ,£ n ) £ W n and (si, . . . , s n ) £]0, 1[". The function u defined by 

n 

u(s) =J2^t(s,Sj)^ 

3 = 1 

is continuous and piecewise differentiable on [0,1]. Let /i := Y^j=x $s £j- By 

(EH 

' A~\ta) {-£, + tE(ts)£ + t^F(t s ))u = ji 



(3.15) 



u(0) = u(l) = 
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Let H° := L 2 ([0, 1], C). Let Ek,i be the coordinates of an orthonormal basis of 
R I/ diagonalizing the real symmetric matrix ^4~ 1 (0). For n ^ 1, k,l G {1, . . . , v} 
and s £ [0, 1], set e n ,k,i(s) = v2 sin^mrs)^,;. (e n) /-) ni fe is an orthonormal basis 
of H° which diagonalizes the unbounded self-adjoint operator S := — .A _1 (0) 4-j 
(Dirichlet boundary conditions). Let 

Hl-.= {/gF°|£gl 2 ,/(o) = /(i) = o} 

= /n,fce w ,fe| |»/«,fc| 2 < ooj 

and 2 

: = {2^* en >*|S|~^| <o °}- 

For G ff" 1 x Hi or (/,#) G H° x let 



(/j 9) : = / ' g( s ) ds = X! fn,k9n,k 

Jo „ ,. 



fc 

The operator S* 1 / 2 can be viewed as an isomorphism from to H and from 
to ff _1 . Natural Hilbertian norms induced by S^ 1 / 2 can be defined on ifp 
and if- 1 . Then fi G if -1 and 

/i = (5 + T t )u, 

where 

T t = - (A" 1 (is) - A _1 (0))^2 + A^ 1 (ts)(tE(ts)-^j- + t 2 F(ts)). 

Since 

5 + T t = S ,1/2 (l + S'- 1/2 T t S'- 1/2 )S 1/2 

and ||S'~ 1 / 2 T t S'~ 1 / 2 || i ( ff o jff o) goes to when t goes to 0, one has, for small 
complex t, that 1 + S^ 1/2 T t S^ 1/2 is invertible and 

\\(l + S- 1 / 2 T t S- 1 / 2 )- 1 \\ L{H «, H « ) ^2. 

Hence 

(jJt,(Jt)t= {fi,u) 

= (/x, S" 1/2 (l + S- 1 / 2 ^- 1 / 2 )- 1 ^- 1 / 2 ^) 
= (S" 1 ' 2 /*, (1 + S-^TtS" 1 / 2 )-^- 1 ' 2 ^ 

and by Cauchy-Schwarz inequality 

\^^) t \^2\S- 1 ' 2 ^\ 2 H0 . 

But IS*- 1 / 2 /!!^ = (^S-V) = 0>/«V This proves pT3j) . □ 
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Proposition 3.10 Let A, B and C be as in Theorem 1 2. 1\ There exists Td <E 
]0,f[ such that for every rc> l,s = (si,...,s„) € [0, l] n , . . . , f n ) € l™,t€ 
<D wra£/i t/ie condition < Si < • • • < s n < 1, \t\ < Td, 

Ket ^Q^Ke(tK t (s) ^0, (3.16) 

n 

\K t (s) ^2n\A(0)\ OD J2^l ( 3 - 17 ) 

Proof Let /i := E"=i ^6'- Then if t (s) • £ <g) n £ = (/i, /u)t and 

n 

Then O,/i) < n|-A(0)|<x.E"=iCi- Hence Proposition [3U implies (|3~T7)) if T d is 
small enough. 

Let us choose arbitrary vectors £i,...,£ n such that (£i,...,£ n ) does not 
vanish. By Remark l3J| (//, /i)o 7^ 0. Let / be the function defined by 

/(£) = t (tiEh. = t -K"t( s )-£®«£ 

(/x,/i)o (m,m)o 

We claim that the function / satisfies (13. 1 1[) . It suffices to check that g(t) := 
K t (s) ■ £ <g>n £ satisfies (|2"T3")) . This holds by Lemma EH By (|3~T3|) . / is 
bounded for complex t with small modulus. Obviously /(0) = 1 and /'(0) = 1. 
By Lemma [3.71 there exists Td > such that lZef(t) > for t e . Since 
0,/i)o e]0,+oo[, (gllgt holds for t G D Td - □ 



Remark 3.11 XTie reality assumption i2.13\) is crucial for establishing &3.11\) . 
What happens when \2.13\l does not hold? Then the statement of Lemma \3. 7| can 
be replaced by the following one. Let T > 0, M > and e €]0, 7r/2[. There exists 
T £ > sizc/i i/iaf every analytic function f on Df, with /(0) = 0, /'(0) = 1, 
sup teDf , < M, satisfies 

I t G f T i /o , /o r ^ e /W > 0. 
\ argt e] - 7r/2 + e,7r/2 - e[ J w 

Therefore \3.16)) can be replaced by 

{ Lgfe] - n/2 + e, n/2 - e[ =* ^(^'W " * ®n > 0. 

Then, even if Assumption &2.13\) is removed, the deformation formula will re- 
main valid for t £ Dt e — {0},argt g] — 7r/2 + £,7r/2 — e[. One can expect to 
recover the Schrddinger kernel if the function c is chosen as in [Hal, Proposition 
4-5 ( case 2)]. 
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3.4 Proof of Theorem [27T1 

The following lemma will be useful. 

Lemma 3.12 Let to ^ and f2 1} f2 2 some open subsets of (D suc/i that 
There exists C mt Q lt n 2 > satisfying the following property: for ev- 
ery analytic bounded matrix-valued function 9 on Q2 and every analytic bounded 
<C-valued function <p on 0,2 one has 

d r t n {6e v ) = a m e v (3.18) 

where a m denotes an analytic matrix-valued function on Q2 such that 

sup|a m | ^C mt n u n 2 xsup|6»| x (l + (sup |<p|) m ). 

Proof The lemma can be proved with the help of Cauchy's formula by induc- 
tion on m. □ 

Let us prove Theorem O We choose T c = ± mm(l,T a ,T b ,T d ,T e ) (see 
Lemma ErJ (gUg) , Proposition IBTTUl and Lemma I3H). 

-1- Let us check that v n given by (|2.17[) and p con i = 1 + X)„>i v n are weu 
dehned for t <E D% . For t € D^ T , let 

tp n (t) := i(s)-t + itK t {s) 

F n :=t n e l ^f(s n t^ n )---f(s 1 t,Z 1 ). 

Let R > and let (x, y) £ (D 2l/ such that |x| + \y\ < R. By Lemma l3~T1 and 
by §M, 1*9*00 ' CI < 2i?(|a| + • • • + \U) and Ke{tK t (s) • £ ®„ £) ^ 0. For 
€ R" and £ = (£ , . . . , £ n ) € IT™, let us denote 

f(r):= sup |/(t,r)l.f®(0:=f(en)-f(6), 

|t|<Tj 

^>?(0 :=d/x*(U--^*(a), 
G„ := 2"T c "exp(2i?(|6| + • •• + \U))f (0- 
Then |FJ ^ G„. Let 



4:= 2/ exp(2JiK|)f(0<W0. 



Then 

G n d vn l if (0 < (AT C )" 



1 i.e. there exists p > such that f2i + D p C f22. 
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and 



I I G n d m ^(Od n s < oo. 

n>1 Jo<S!<---<s n <l JR"" 



Hence v n and p con -i are well defined on D^~ T x (D 2l/ since R is arbitrary (let us 
remark that the expressions (|2.15p and (|2.17[) of v n are clearly equivalent). By 
the dominated convergence theorem, p con j g A{D~^ x (D 2l/ ). 

-2- Let us check that p conj is well defined for t G and that p conj e 
C°°(l)^,^l(C 2l/ )). Let i? > 0. By ([HI) and (fXT7|) . there exists M > such 
that for n ^ 1, < si < • • • < s n < 1, ..,£„) e R"™, t G D 2Ta , (x,y) € (D 2l/ 
and \x\ + \y\ < R, 

\^ n (t)\^M(l + n(\^\ + ---\U) 2 )- (3.19) 
We want to use the dominated convergence theorem. For m ^? 0, let 

F n , m := d?(t n f(s n t,li n ) ■ ■ ■ /(sit,a)e^" (i) ). 
By Lemma 13.121 and (|3.19|) , there exists K m > such that 

\F n , m \ < K^ +1 n m {l + + ■ • • + |£n|) 2m ) exp(2iZ(|&| + ■ ■ ■ + |£„|))f (0. 
for t € fT ; ^ 0. Then the inequality 

7^(1 + (161 + • • • + \u) 2m ) < ex P (iai + • • • + \u) 

(2m)! 

yields \F n , m \ < G n>m where 

G„, m := (2m)!^+ 1 n m exp((l + 2 J R)(|£ 1 | + • • • + \U\))f (0- 

Let 

A= / exp((l + 2i?)|£|)f(£)^(£). 

JE" 



Then 



and 



G„, mC r>? (0 < (2m)!n m ^ +1 A" 



n>l Jo<si<—<s„<l JE"™ 

Since R and m are arbitrary, the dominated convergence theorem proves that 

eC°°(D+ c ,A(C 2u )). 

-3- Let us check that p con j G C^(i] - T c , T c [xl 2 ") . Let a € N, /3, 7 G 
N", x, y e W and t e] - 2T C , 2T C [. Let 

F n := flf flf SJf^V^^/Cttan,^) • • ■ /(ti«i,&)). 
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Let (ei, . . . , e v ) be the standard basis of R". For 6 = 1, . . . , v, let us denote 

™6,\>(t) ■= {q b t(si)es) ■ £H h (g t b (s„)e,5) ■ £ n , 

roa.it(t) := (^(si)e 5 ) ■ fH h (g|(sn)e«) ■ Cn- 

Then 

F n =*°af»(fl n (i)e i *'-W)| t=4f 

where 

B (f) := fuT* (*) ' ' ' <U*KW) • • • • • /(**»,£»)■ 

Then there exists Mi > such that, for < g -D2T C , 

K(t)\ ^M^M+^f (o. 

By p. 171) there exists M 2 > 0, such that, for t g I>2T C , 

|^WK^2((N + M)|eii + ^|?). 

Then, by Lemma [3.121 there exists C > such that for ( e] - T C ,T C [, n 1, 
£ g R"™ and xjeE" 

|Fn| < C(l + {{\x\ + ItfDlelx + |df 1 +l7l f (0. 

Here we also use that, by assertions IT1 and [21 of Lemma 13.41 (f n (it) £ R. Then, 
by binomial formula, there exits C > such that 

\F n \ < C'x(l+ ^ + |y|) Ql |eii 1+2 " 2 ^ 2 ) x |e|^ l+l7l f»(0 
where 

Q(x,y):=C'(l + £ (a x +2a 2 + |/3| + | 7 |)KN + 

Let 
Then 

/ \F n \d» n Lif(®d n s^Q(x,y)n a A n . 
Therefore, for i G i] - T c , T c [ and x,y e R' y , 

/in 

I^S^Kl + Q^y)^^ — . 
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This proves that p con > £ Cg°(i] - T c , T c [xR 2ly ). 

-4- Let us verify that the function p°p cons , with p con J given by (|2.14[) . is a 
solution of (|1.4[) . By continuity and analyticity arguments, it suffices to check 
(|1.4p for small positive number t. Let 

D x := fi. T + 

Then, if v = v(t, x) is a regular function with respect to its arguments, 

A(t) ■ D 2 x (p°v) = (A(t) ■ D 2 xP °)v + 2A(t) ■ D xP ° ® d x v +p°A(t).d*v. 

A solution u of (ll.4[) is then given, if we use the relation u = p°v, by a solution 
v of the conjugate equation 

(fit - $A(t) ■ D xP ° ®d x )v = A(t) ■ d 2 x v + c(t, x)v (t ^ 0) 
v\ t =o+ = 1 

Let vq = 1. By (|3.8|) . it suffices to verify that, for n ^ 1, t>„ given by (|2.15p 
satisfies 

(fit + q\{t) ■ d x )v n = A(t) ■ d 2 v n + c(t,x)v n _x 

(3.20) 

V n \t=0+ = 

for small positive number t and n ^ 1. By (|2 . 1 5[) 

F n (Fs, 

J0<si<---<s„<t 

where 



K = 



exp(Kt(s) ■ d z ®n d z )c(s n ,z n ) ■ ■ ■ c(si,zi) 



zi = gjJ(«i) 
Here 

n 

K t {s) ■ d z ®„ fi z := fi Zj ■ K t {sj,s k )d Zk 

j,k=l 

where if t is defined by ([2~TU)) . Then 

(fit + <Zt(t) • dx)v n — (boundary) + (interior) 

where 



(boundary) = / 

J0<S! 



< — <S n -!<t 

St 



(interior) = / (fit + q\(t) ■ d x )F n d n s. 

J0<s 1 <-<s n <t 
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Since 



K t (st,. . . ,s„_i,i) • <9 Z ® n 9 Z = K t {si, . . . ,s n _i) • 9 Z <g) n _i <9 2 , 



one gets 

(boundary) = c(i, a;)i; n — l- 

Now we claim that (interior) = A(t) ■ d\v n . By (J379j) , if <p[z\, . . . , z n ) is an 
arbitrary diffcrcntiable function of (z\, . . . , z n ) £ <D" n , 



(d t +q\{t) ■ d x )[ip(zx, ...,Z n ) 



Then 



where 



G n — 



(interior) 



21 = 8t(«l) ^' 

G n d n s, 



0<si<---<s„<t 



d t (K t (s)-d z ® n d z ) exp(K t (s)-dz<gi n d z )c(s n , z n ) ■ ■■c{si,zi) 



zi = ql(si) 



On the other hand, 



A(t) ■ d£v v 



H n d n s 



0<Sl<--<8„<t 



zi = gj(si) 
Zn = q\{s n ) 



where 

E n = A(t) ■ d 2 x exp(K t (s) ■ d z ®„ d z )c(s n , z n ) ■ ■ ■ c(s x ,zi) 
For a G [0,t], ^(5) = g t b (*)a: + ?{(S)j/. Then 

n 



C(S„,Z„)---C(S1,Z!) 



2=1 = 9i(si) 



By (I2T01) . d t K t {s,s') = q b t (s)A(t) t q b t (s') and then 
Therefore G n = H n and 



(interior) = A(t) ■ d 2 x 
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Then (gup holds and p V°" j satisfies (fO]l . 
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